“They were watching, out there past men's knowing, where stars are drowning and whales ferry their vast souls
through the black and seamless sea.”
― Blood Meridian, or the Evening Redness in the West (Cormac McCarthy)

Problem 2 Transfer functions (25 points)
Consider the circuit below.

Assume

v𝑠 (𝑡) = v𝑠 𝑐𝑜𝑠(𝜔𝑡)

𝑽1 (𝜔)
a) Find an expression for
𝑽𝑠 (𝜔)

(5 points)

Solution:
Since our input signal is a sinusoidal function, we can transform the circuit from time
domain to phasor domain.
In order to find the transfer function (of the first stage) from the input, Vs(w), to the
output, V1(w), we only consider the following part of circuit:

By inspection, this is a simple first-order low-pass filter.
Since any transfer function can be decomposed into the frequency-dependent part and the
frequency-independent part (constant).

Recognizing that for a simple first-order low-pass filter, the frequency-independent part,
or the constant is the DC gain of the circuit, and the frequency-dependent part is given by
the canonical form,
1
1 + 𝑗𝜔𝜏

We need to find the DC gain and the time constant (𝜏).

In order to determine the DC gain, we open-circuit the capacitor (because capacitors act
like an open circuit at DC). And we find that the relationship between Vs(w = 0) and
V1(w = 0) is given by a voltage divider between Rs and Ri1.
𝑉1 (𝜔)
𝑅𝑖1
�
=
𝑉𝑠 (𝜔) 𝜔=0
𝑅𝑖1 + 𝑅𝑠

In order to find the time constant, we turn off all the independent sources and find the
parallel resistance and capacitance across node V1 and GND.

Here, 𝑅𝑒𝑞1

= 𝑅𝑠 ||𝑅𝑖1 =

Therefore, τ1

𝑅𝑠 𝑅𝑖1

𝑅𝑠 +𝑅𝑖1

= 𝑅𝑒𝑞1 𝐶𝑒𝑞1 =

Putting everything together,

and 𝐶𝑒𝑞1 = 𝐶𝑖1

𝑅𝑠 𝑅𝑖1

𝑅𝑠 +𝑅𝑖1

𝐶𝑖1

1
𝑅𝑖1
1
𝑉1 (𝜔) 𝑉1 (𝜔)
=
∙
=
∙
�
𝑉𝑠 (𝜔) 𝑉𝑠 (𝜔) 𝜔=0 1 + 𝑗𝜔𝜏1
𝑅𝑖1 + 𝑅𝑠 1 + 𝑗𝜔 𝑅𝑠 𝑅𝑖1 𝐶
𝑅𝑠 + 𝑅𝑖1 𝑖1

𝑽2 (𝜔)
b) Find an expression for
𝑽1 (𝜔)

(10 points)

Solution:
Re-drawing the circuit as the following makes the analysis clearer.

With this circuit, it is clear that you can separate the circuit into three stages. (1st – 2nd – 3rd)
That is, there is no current through the wires that connect different stages (marked in red).

Following the technique from part a, we examine the DC gain of the second stage to be:

Similarly, τ2
Therefore,

−𝑔𝑚1 𝑅𝑜1 𝑅𝑖2
𝑉2 (𝜔)
�
= −𝑔𝑚1 (𝑅𝑜1 ||𝑅𝑖2 ) =
𝑉1 (𝜔) 𝜔=0
𝑅𝑜1 + 𝑅𝑖2

= 𝑅𝑒𝑞2 𝐶𝑒𝑞2 = (𝑅𝑜1 ||𝑅𝑖2 )(𝐶𝑜1 ||𝐶𝑖2 ) =

𝑅𝑜1 𝑅𝑖2

𝑅𝑜1 +𝑅𝑖2

−𝑔𝑚1 𝑅𝑜1 𝑅𝑖2
1
𝑉2 (𝜔) 𝑉2 (𝜔)
=
�
∙
=
∙
𝑉1 (𝜔) 𝑉1 (𝜔) 𝜔=0 1 + 𝑗𝜔𝜏2
𝑅𝑜1 + 𝑅𝑖2

1 + 𝑗𝜔

(𝐶𝑜1 + 𝐶𝑖2 )
1

𝑅𝑜1 𝑅𝑖2
(𝐶 + 𝐶 )
𝑅𝑜1 + 𝑅𝑖2 𝑜1 𝑖2

𝑽𝑜𝑢𝑡 (𝜔)
c) Find an expression for
𝑽2 (𝜔)

(5 points)

Solution:
The third stage gain is similar to the previous part, except simpler.
𝑉𝑜𝑢𝑡 (𝜔)
�
= 𝑔𝑚2 𝑅𝑜2
𝑉2 (𝜔) 𝜔=0
Similarly, τ3
Therefore,

= 𝑅𝑒𝑞3 𝐶𝑒𝑞3 = 𝑅𝑜2 𝐶𝑜2

1
1
𝑉2 (𝜔) 𝑉2 (𝜔)
=
∙
= 𝑔𝑚2 𝑅𝑜2 ∙
�
𝑉1 (𝜔) 𝑉1 (𝜔) 𝜔=0 1 + 𝑗𝜔𝜏3
1 + 𝑗𝜔𝑅𝑜2 𝐶𝑜2

𝑽𝑜𝑢𝑡 (𝜔)
d) Find an expression for
𝑽𝑠 (𝜔)

(5 points)

Solution:

The total transfer function from Vs(w) to Vout(w) can be found by
cascading the transfer function of each stage:
𝑉1 (𝜔) 𝑉2 (𝜔) 𝑉𝑜𝑢𝑡 (𝜔)
𝑉𝑜𝑢𝑡 (𝜔)
=
∙
∙
𝑉𝑠 (𝜔)
𝑉𝑠 (𝜔) 𝑉1 (𝜔) 𝑉2 (𝜔)

𝑉𝑜𝑢𝑡 (𝜔)
𝑅𝑖1
1
−𝑔𝑚1 𝑅𝑜1 𝑅𝑖2
1
1
=
∙
∙
∙
∙ 𝑔𝑚2 𝑅𝑜2 ∙
𝑅
𝑅
𝑅
𝑅
𝑅𝑖1 + 𝑅𝑠 1 + 𝑗𝜔 𝑠 𝑖1 𝐶
𝑅𝑜1 + 𝑅𝑖2 1 + 𝑗𝜔 𝑜1 𝑖2 (𝐶 + 𝐶 )
1 + 𝑗𝜔𝑅𝑜2 𝐶𝑜2
𝑉𝑠 (𝜔)
𝑖2
𝑅𝑠 + 𝑅𝑖1 𝑖1
𝑅𝑜1 + 𝑅𝑖2 𝑜1
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