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• (10 Points) Print your name and lab time in legible, block lettering above
AND on the last page where the grading table appears.
• This exam should take up to 70 minutes to complete. You will be given at
least 70 minutes, up to a maximum of 80 minutes, to work on the exam.
• This exam is closed book. Collaboration is not permitted. You may not use
or access, or cause to be used or accessed, any reference in print or electronic
form at any time during the exam, except one double-sided 8.5” × 11” sheets
of handwritten notes having no appendage. Computing, communication,
and other electronic devices (except dedicated timekeepers) must be turned
off. Noncompliance with these or other instructions from the teaching staff—
including, for example, commencing work prematurely or continuing beyond the
announced stop time—is a serious violation of the Code of Student Conduct.
Scratch paper will be provided to you; ask for more if you run out. You may
not use your own scratch paper.
• The exam printout consists of pages numbered 1 through 10. When you
are prompted by the teaching staff to begin work, verify that your copy of
the exam is free of printing anomalies and contains all of the ten numbered
pages. If you find a defect in your copy, notify the staff immediately.
• Please write neatly and legibly, because if we can’t read it, we can’t grade it.
• For each problem, limit your work to the space provided specifically for that
problem. No other work will be considered in grading your exam. No exceptions.
• Unless explicitly waived by the specific wording of a problem, you must explain your responses (and reasoning) succinctly, but clearly and convincingly.
• We hope you do a fantastic job on this exam.
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Formulas and Facts of Potential Use or Interest:
Trigonometric Identities:
cos(α + β) = cos α cos β − sin α sin β
i
1h
cos α cos β =
cos(α + β) + cos(α − β)
2
Integral of an Exponential: For α, β ∈ R ∪ {−∞, +∞} and λ ∈ C,
Z β
eβλ − eαλ
eλt dt =
.
λ
α
Even-and-Odd Decomposition of a Function A function x : R → R can be decomposed into the sum of an even function and an odd function as follows:
x(t) = xe (t) + xo (t) ∀t ,
where xe and xo denote the even and odd components, respectively, and are
related to x according to the equations below:
xe (t) =

x(t) + x(−t)
2

xo (t) =

x(t) − x(−t)
.
2

Sum of Sinusoids of the Same Frequency: Given Ak > 0 and φk ∈ R, there exist
A > 0 and φ ∈ R such that
A cos(ωt + φ) =

N
X

Ak cos(ωt + φk ),

k=1

where

Ã
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Ak cos φk +
Ak sin φk 
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Ak sin φk 




φ = tan−1  k=1
.
N
X


Ak cos φk 
k=1

Combinations and Permutations
µ
¶
N!
N
Combinations:
=
M
M ! (N − M )!
2

Permutations:

N!
.
(N − M )!

MT1.1 (30 Points) The continuous-time signal x characterized by
∀t ∈ R,

x(t) = A cos(ωt + φ)

is ubiquitous in the engineering and physical sciences. The parameters A > 0 and
φ ∈ R denote the amplitude and phase of x, respectively.
The two parts of this problem are mutually independent and can be tackled in
either order.
(a) Determine simple expressions for xe (t) and xo (t) in terms of A, φ, ω, and t,
where xe and xo denote the even and odd components of x, respectively.
By way of a ”sanity check,” interpret (and justify) your answers for φ = 0
and φ = −π/2. In particular, explain how xe and xo relate to x for these two
values of φ.
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(b) We can express a sum of sinusoids of frequency ω as a single sinusoid of
frequency ω. Determine numerical values for A and φ in the equation below,
where the right-hand side is a sum of two sinusoids of frequency ω:
√
A cos(ωt + φ) = cos ωt + 3 sin ωt.
Your trigonometry teacher rightfully used to insist that
cos

³π ´
3

= sin

³π ´
6

1
=
2

and

sin

³π ´
3

= cos

³π ´
6

√
=

3
.
2

You may use the blank space below for scratch work. Nothing written below this
line on this page will be considered in evaluating your work.
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MT1.2 (25 Points) A discrete-time signal x is said to be periodic if there exists an
integer p > 0 such that
∀n ∈ Z, x(n + p) = x(n).
(1)
The smallest p for which Equation (1) holds is called the fundamental period of x.
An example of a periodic discrete-time signal (with period p = 3) is shown below:

The signal in the figure is illustrative only. In this problem, you should not assume
that the signal x is as shown in the figure, nor that it has fundamental period p = 3.
It is known that the signal x can be decomposed into a linear combination of
discrete-time complex exponential functions according to the following equation:
∀n ∈ Z,

x(n) =

M
X

Xk eik

2π
n
p

,

(2)

k=0

where Xk is the k th coefficient of the linear combination. Do not worry about how
this expansion is obtained; you will learn all about that later in the course. For now,
assume Equation (2) is true for some appropriate value of M . Here, we explore
some of the properties of the expansion depicted by Equation (2).
(a) Show that the signal x expressed in the form of Equation (2) is periodic with
period p. That is, show x(n + p) = x(n), ∀n ∈ Z.
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(b) The ratio 2π/p in Equation (2) is called the fundamental frequency of x and is
2π
denoted by ω0 . Each discrete-time complex exponential function eik p n represents signal content at frequency kω0 .
Equation (2) states that the signal x contains only integer multiples of the fundamental frequency ω0 . In particular, x contains the following frequencies:
0, ω0 , 2ω0 , . . . , M ω0 .
Determine the largest number of distinct frequencies that can be present in x,
and from that infer the largest possible value for M . Could M be infinitely
large?

You may use the blank space below for scratch work. Nothing written below this
line on this page will be considered in evaluating your work.
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MT1.3 (25 Points) A reasonable measure of the ”strength” or ”size” of a continuoustime signal x : R → C accounts for not only the signal’s amplitude variations but
also its duration. An example of such a measure is the total energy of x, which is
defined by
Z +∞
Z +∞
4
∗
Ex =
x(t) x (t) dt =
|x(t)|2 dt .
−∞

−∞

(a) Determine the energy of the signal x defined by
( √
1/ 2 |t| ≤ 1
∀t ∈ R, x(t) =
0
|t| > 1.

(b) Determine the energy of the signal x : R → C, where x(t) = es|t| , ∀t ∈ R. The
variable s is complex, so it can be written in Cartesian form as s = σ + iω.
Assume σ < 0 < ω.
(i) Determine Ex , the total energy of the signal x.

(ii) Explain how σ and ω affect the total energy of x. In particular, explain
what happens to Ex as σ → −∞ and as σ → 0.
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MT1.4 (25 Points) Consider a digital circuit that takes a five-digit user input and
produces a five-digit codeword.
In particular, the user’s input is a string of five binary digits x1 x2 x3 x4 x5 , where
xk ∈ {0, 1}, k = 1, . . . 5.
The codeword, on the other hand, is a string of five hexadecimal digits y1 y2 y3 y4 y5 ,
where y` ∈ {0, 1, . . . , 9, A, B, C, D, E, F }, ` = 1, . . . 5.
The circuit can be partially described by the function
f : {0, 1}5 → {0, 1, . . . , 9, A, B, C, D, E, F }5 .
(a) Making no assumption about whether an arbitrary user input string x1 x2 x3 x4 x5
can be recovered from the codeword y1 y2 y3 y4 y5 assigned to it by the circuit,
determine how many distinct functions f , of the type partially described
above, can be defined.

(b) Select the strongest true assertion from the list below:
(i) The function f must be invertible.
(ii) The function f can be invertible.
(iii) The function f cannot be invertible.
Explain your reasoning succinctly, but clearly and convincingly.

(c) How many one-to-one functions f : {0, 1}5 → {0, 1, . . . , 9, A, B, C, D, E, F }5
can be defined?

8

You may use this page for scratch work only.
Without exception, subject matter on this page will not be graded.
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10

1

30

2

25

3

25

4

25

Total

115

10

Your Score

