EECS 126 MIDTERM 2 FALL 99 SOLUTIONS.

1.
v? 0<v<1

a) Py (v) = P(V <v) = [ [y fxy (@, y)dedy =

(Check that ffooo fv(v)dv = 11)
2-2w 0<w<l1

Similarly, fw (w) =
0 else

b) EVIV > 1] = [ vfy (v|V > L)dv.
_Iv(v) %ﬂ:%fv(v) %Svgl 1

P(V>1) =
With fy (v|V > 1) = , we get E[V|V >3] = [, v2vt =1
0 else
) U=V-W=max(X,Y)—min(X,Y)=|X-Y]
= Fy(u) = P(U <u) = P(|X = Y| < u) = similarly to (a) = 1 — (1 — u)?
2. We have X ~ Fap(A).
a) Generate Y ~ Fxp(p) by applying a function g to X.
In this case, fy(y) = pe ¥ = %fx(%) = 1™ from

We know that if ¥ = aX, then fy(y) = %fx(%)
A

this, we see that % =, so that a = m

Thus, g(X) = %X.

b) Generate Y, where Fy (y) ~ Uniform(0,1).
Fy(y) = P(Y <y) = P(9(X) < y) = g strictly incr. = P(X < g7 (y)) = Fx(97'(y)) = (since Y has to be Uniform(0,1)) =

Y.
We see that we have to choose g71(y) = F;l(y), so that ¢(X) = Fx(X).




a) S —aggregate incoming traffic rate at time 0, S =57 | X; = S ~ N(nu, no?)

Weneed P(S>¢)=1-P(S<e¢)=1-& (ﬁ;) = 1073,

c=npy) _
= @ (S21) = 0.999
= SRk = ®=1(0.999)

= n+/nZe71(0.999) — £ =0

= /= — 2071 (0.999) + \/$(©‘1(0~999))2 +

<
1

= n= £z (®71(0.999))2 + £ + %<I>‘1(0.999)\/%(<I>‘1(0~999))2 +

<
m

= We can at most accomodate %(@_1(0.999))2 + ﬁ + %@_1(0.999)\/%(@—1(0.999))2 + ﬁ users.

b) E[X;] = E[Z]+ E[Y;] = p, Var(X;) = Var(Z) + Var(V;) = o?

Cov(X;, X;) = FE[X;X;]— F[X;]E[X]]
= B[Z°+ ZYi + 2Y; + Y;Y)] = (B[Z] + BE[Y:]) (E[Z] + B[Y)))
= B[Z°]+ E[2Y]] + E[2Y;] + B[Y:Y;] — B[2°] - E[Z]E[Y]] - B[Z]E[Y;] - E[Y:]E[Y]]
= Z,Y; are all independent
= [E[Z% - E[Z)?

0.2

= ) = —
Var(Z) 5

c) Still, S =571 X;.

E[S] = nE[X;] = np

Var(S) =51 Var(X;) + >0, Z‘?:lyj# Cov(X;, X;) = nVar(X;) + n(n — 1)Cov(X;, X;) = no? + n(n — 1)%
= 5~ N(np,no?(1 + 251)).

Similarly to (a), we get

(L+257)0? o O G el L WH—”;%Z c
n< —=——(®7(0.999))° + — 4+ ———=—"—&7(0.999) | ———=———(®~1(0.999))2 + —.
S (@7 0.099)7 + £ (0.099)\ | 2 (@71 (0.999))7 + ©

This quantity is smaller than the one on (a). Intuitively: In (a), peaks will, on average, “cancel out” - which is not

the case here.




4. N = number of packets arriving in [0,1]; A = number of packets routet to A in [0,1]
a)E[A] = E[E[A|N]] = E[pE[N]] = pE[N] = p/\

1 packet routet to A (with probability p)
b) X; =
0 packet routet to B (with probability (1-p)

Ma(s) = Mn(9)],.

—Mx. (s) = eMi=ptpe’=1) — Ar(e’=1): from this, we see that A is Poisson with parameter pA.

Alternative solution: P(A =a) = > 2, P(A=a|N = k)P(N = k), where P(A =a|N = k) =

Thus, P(A=a) = (k)pa(l _ p)k—a

papla,b) = P(A=a,B=0)
= iP(A:a,B:HN:k)P(N:k’)

= (s_ince P(A=a,B=bN=k)=0forall k #a+1b)
= PA=a,B=bN=a+b)P(N=a+1b)
= PA=alN=a+bdP(N=a+1b)
, A(a+0) =
(a+b)!
d) Conditioning on N, we have A =n — B = A, B are clearly not independent.

= Gpt(1-p)

For the unconditional case: We have ps(a) = P(A =a) = (pA) e and pp(b) = P(B=1b) = (p?,) e,
a ayb — 1
Thus, P(A=a)P(B=b) = p*(1—p)'Axe tior)
(a+b)! 1
alfa+b—a)! (a+b)!

1
= PO

= P(A=a,B=10b)= A, B are independent!

= p*(1- p)b/\(a+b)e




