
Midterm 2 SolutionsEE126 - Fall 2000Problem 1. X;Y � unif(�1; 1)Z = XYLet U = X and V = XY and form the jacobian for fUV (u; v).fUV = 1jU jfXY (u; v=u)Marginalize with respect to u and employ the independence of X and Y.fV (v) = fZ(z) = Z +1�1 1jU jfX(u)fY (z=u)dufZ(z) = Z +1�1 12jU jfY (z=u)duThe domain for fY is bounded away from 0 by the z=u term.First consider z > 0 for fY (z=u) 6= 0, 1 > juj > z. Therefore, the integralabove can be completed for z > 0 by splitting it up into when z < u < 1 and�1 < u < �z.so, for z > 0 fZ(z) = Z 1z 14U du+ Z �z�1 1�4U dufZ(z) = Z 1z 12U dufZ(z) = �12 ln(z)now, similarly, for z < 0fZ(z) = Z �z�1 14U du+ Z 1z 1�4U dufZ(z) = Z 1z 1�2U du1



fZ(z) = �12 ln(�z)so fZ(z) = �12 ln(jzj)it is unde�ned for z=0, but that's ok, because it happens with a probabilityof 0. The integral can be evaluated in a closed form though.b)since X is independent of YE[XY ] = E[X ]E[Y ] = 0Problem 2. P (T > t) = 11 + tF (t) = t1 + tfT (t) = dFTdt = 1(1 + t)2b. P (atleast1bulbworkingatt = 9givenworkingatt = 1)= 1� P (0workingatt = 9j4workingatt = 1)= P (0att = 9; 4att = 1)P (4att = 1)P (t < 9; t > 1) = t2t2 + 1 � 11 + t1 = 25P (t > 1) = 12P (0workingatt = 9jallworkingatt = 1) = 45 4P (atleast1bulb : : :) = 1� 454c. Z = min(T1; T2; T3; T4)P (Z = t) = �41�P (T1 = t)P (T2 > t)P (T3 > t)P (T3 > t)2



fT (t) = 4(1 + t)5d.Consider 1 case:fZ(t) = P (T1 = t)P (T2 < t)P (T3 < t)P (T4 > t)there are 3 combinations that have T1 = t and 4 positions for TX = t so...fZ(t) = 12 1(1 + t)2 � t1 + t�2 11 + t= 12t2(1 + t)5Problem 3.Consider X + Y Since this is also a gaussian distribution. It is appropriateto �nd if it is independent of X � Y .E[(X � Y )(X + Y )] = E[X2]�E[Y 2] = 1� 1 = 0and since f(X � Y ) q g(X + Y )E �(X + Y )4jX � Y � = E �(X + Y )4�After expansion and noting that E[X] = E[Y] = 0 and X and Y are inde-pendent... = E[X4] +E[Y 4] + 6E[X2Y 2] = 3 + 3 + 6 = 12Problem 4. r =px2 + y2; � = arctan�yx�x = r cos(�); y = r sin(�)forming the inverse jacobian...J = � cos(�) sin(�)� sin(�) cos(�) �Taking the determinat gives J�1 = r3



fr�(r; �) = r � fXY (r cos(�); r sin(�))Problem 5. extra creditThe characteristic function of a Poission rv is...G(s) = exp(�(s� 1))The sum of two independent rv's is the product of their characteristic func-tions... H(s) = exp(a(s� 1)) � exp(b(s� 1)= exp((a+ b)(s� 1))so, converting back the characteristic function, which is in standard form...fZ(k) = (a+ b)kk! exp(�(a+ b)k)
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