








Midterm 1 Problem 3 Solutions, Fall 2010

2010-09-23

The input-output behavior of a discrete-time system F is described below:

y(n) =

−2n
∑

−∞

3x(k)

(a): Select the strongest correct assertion from the choices below. Explain your reasoning succinctly, but
clearly and convincingly.

(i) F must be a linear system.
(ii) F can be a linear system.
(iii) F cannot be a linear system.

Proof. We will prove this directly by application of the definition of linearity.
Let y1(n) =

∑

−2n

k=−∞
3x1(k), y2(n) =

∑

−2n

k=−∞
3x2(k).

Let x̂(n) = αx1(n) + βx2(n) for arbitrary α, β ∈ R, and ŷ(n) =
∑

−2n

k=−∞
3x̂(k).

ŷ(n) =

−2n
∑

k=−∞

3(αx1(k) + βx2(k))

= α

−2n
∑

k=−∞

3x1(k) + β

−2n
∑

k=−∞

3x2(k)

= αy1(n) + βy2(n)

Thus, the input-output function F satisfies additivity and homogeneity, therefore it is a linear function.
Since we proved that the input-output equation of the system is linear, then F must be a linear system.

(b): Select the strongest correct assertion from the choices below. Explain your reasoning succinctly, but
clearly and convincingly.

(i) F must be a time-invariant system.
(ii) F can be a time-invariant system.
(iii) F cannot be a time-invariant system.

Proof. We will prove this by contradiction.
A system is time-invariant if the time-shifted output equals the output of the system from a time-shifted

input.
Assume that the system is time-invariant. Let y(n) =

∑

−2n

k=−∞
3x(k). Let x̂(n) = x(n − T ) ∀n, given

T ∈ Z. (x̂(n) is the input x(n) delayed by time T ). Let ŷ(n) =
∑

−2n

k=−∞
3x̂(k).

ŷ(n) =

−2n
∑

k=−∞

3x̂(k)

=
−2n
∑

k=−∞

3x(k − T )
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Let u = k − T . After the change-of-variables,

ŷ(n) =
−2n−T
∑

u=−∞

3x(u)

By time-invariance,

ŷ(n) = y(n − T ) =

−2(n−T )
∑

k=−∞

x(k)

However,
−2n−T
∑

u=−∞

3x(u) 6=

−2(n−T )
∑

k=−∞

3x(k)

This contradicts our assumption that the system F is time-invariant, implying that the system must not be
time-invariant.

(c): Select the strongest correct assertion from the choices below. Explain your reasoning succinctly, but
clearly and convincingly.

(i) F must be a causal system.
(ii) F can be a causal system.
(iii) F cannot be a causal system.

Proof. We will prove this by counter-example. Suppose we are given x1(n) = x2(n) ∀n ≤ N . The system F
generates corresponding outputs y1(n), y2(n). Given that the system is causal, y1(n) = y2(n) ∀n ≤ N .

Now, consider x1(n) = 0 ∀n. In part (a), we proved this system to be linear. By the ZIZO property of
linearity, y1(n) = 0 ∀n. Let x2(n) = δ(n).

Notice that

y2(n) =

−2n
∑

k=−∞

δ(k) =

{

3 if n ≤ 0
0 else

Notice that x1(n) = x2(n) ∀n < 0. Notice that y1(−1) = 0 6= y2(−1) = 3. Therefore, the system F cannot
be causal.

(d): Select the strongest correct assertion from the choices below. Explain your reasoning succinctly, but
clearly and convincingly.

(i) F must be a BIBO stable system.
(ii) F can be a BIBO stable system.
(iii) F cannot be a BIBO stable system.

Proof. We will prove this by counter-example.
Let x(n) = u(−n), the time-reversed unit step.
Observe that |x(n)| ≤ 1 ∀n, so Bx = 1 and the input signal is bounded.

y(0) =

0
∑

k=−∞

3x(k) =

0
∑

k=−∞
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Note that this sum is not well-defined. There is no number By ∈ R such that |y(0)| ≤ By. Thus, the output
is unbounded.

Since we have illustrated a bounded input which yields an unbounded output from the system F, the
system cannot be BIBO stable.
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Proof. Here, we provide an alternative proof, inspired by a popular response to the problem. The response
attempted to use the theorem presented in class which states that an LTI system is BIBO stable if and only
if h(n) is absolutely summable. The direct application of this theorem is invalid, however, since in part (b),
we proved that this system is not time-invariant.

Let x(n) = δ(n).
Let

h(n) =

−2n
∑

k=−∞

3δ(k) =

{

3 if n ≤ 0
0 else

Note that h(n) = 3u(−n) is bounded (h(n) ≤ 3 ∀n). Now, consider a new input x̂(n) = h(n). The output of

the system is ŷ(n) =
∑

−2n

−∞
9u(−k). Clearly, this is an infinite sum of constant terms (9) at every instant in

time. Thus, the output of the system is not bounded. Since we have provided a bounded input that yielded
an unbounded output, the system cannot be BIBO stable.
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