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In the following problems, we will be always working on the alphabet ¥ = {0,1}.

1. State whether each of the following statements is true, or false!. Provide a justification for
your answer. Formal proofs are not required.

(a) (7 points) If L is a context-free language, then L.L is a context-free language.

True. The Set of - Covtent free [nget]eS <5 cloge
ﬂliﬂ/ﬁr concoartenqiion .

(b) (7 points) Consider the grammar G = ({S}, {a,b}, R, S), where R has the rules
S—aSS|Sblalb

Then G generates the string abb unambiguously.

False. There are two parse tesS for 25h o G
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'but not both!
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(c) (8 points) The language {a™b"c"d™ | m,n > 0} over X = {a, b, ¢, d} is not context free.

Fﬂ[Sﬁ, f/gre 45 & CFG {fu‘r "é}L’i\S &Ulgu&je;
G=({ST5, {ab cdf, R S) wkore P

A

C— “S‘“T
T— . bTcl€

(d) (8 points) Suppose L is a context-free language generated by the context-free grammar
G. Let S be the start variable of G. Now we modify G by adding the rule S — SS. Then
this modified grammar, denoted by G/, generates the language L' £ {ww | w € L}.

False. Here 45 @ ponn ter LAakple
G= (153 {ab, R.S) wiwe £ i
S—a
Then [(G)= {aj=L
Q' ./445 the males
§— sS|a
ST s R
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2. Consider the following language over ¥ = {a, b}.
L = {w | w has an odd length, and the first, middle and last symbols of w are identical}.

(a) (15 points) Give a CFG that generates L. Formal proof of correctness is not required, but

you should justify your construction. i
S— apa | $B4]C
L

A— CAC| 4

B> cBC b
Exg/ana'ﬁmz: The Sm'fzjm [ ar H][ the

forin ASaS O Ls b8 b
5= 5] We we venales AR o

where

g@nerm S fr{ﬂjs of the qom Sa8,, § bS5
/VeSf’ecﬂf’i Vf%f, Then 4 ﬂ/)p%d aor b w the
shes of A or D,
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(b) (15 points) Give a PDA that accepts L. Formal proof of correctness is not required, but
you should justify your construction.

> G E e
g, €€ ﬂjaé
J
‘ 57 e>¢ “\’ |
— (&) —— @),

S

-~

&% @ [),Cf»e> Aj¢ae>@

pfz‘fzbl’lﬁl/[ ) dapen&&/g on  whethey

e B b, B mot )



Name: . » -

3. (20 points) Show that the language L = {a'b’c* | j = max(i,k)} over & = {a,b,c} is not
context-free.

S’oﬁyose [ i context-free. Sine <t <5 infinite,
[mf' % ée the Qm:fmzf in f’ée ?mm/z‘/;g [em v
(onide  the ST7i7g a éfi R

By e perPY lemMA, ﬂz@fe Lmst Sz‘n‘/gg

Lo w iy s A= uwery,

[ywx[ <P, [vx| >0, and wwrye/ Vizo
N, © Tf v or X eontars w2 Sﬂ%(g
say, = ﬂiéj) 0i 71, tmzwwry pontaans
gbstring , S° wwrYy &/ -

o oand X both ontacn only ore tye of
of 4, L C s ot cntuin

ba as

6 O.W.

ngbo[ LV [east  pne

»

ég [)gf/u ) ﬂ/w/ Z/
if o 18 |
@ e M Hhan ? gl or CS5. S

L then UYWAY Cutans 7



@BW. VL conthuns A} but not a or C.
Then Wy contonS poas o c's | Jut
less than p U So uwyd&/

Tn each case, e get 5 contradiction

Qo L 15 Wi context — free.
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4. (20 points) Given an arbitrary DFA M = (Q, %, 4, qo, F), designa PDA P = (@', %, T, &', 6, F')
~ such that |Q'| < 3 and P recognizes exactly L(M) (i.e. the language recognized by M).

P—(Q. 5T § 1 F) whr

A= 16.% %) r=a, F'=1l&}

Vo e, o= {8, 8] _
(7 2,8 ={(8, §ga) V e VE&a
feol e ) ={(g e} v EF

EX{’ZW"“’”: P Simufates Zg using He stack
I ,éeefy +rack Of the state M s W/LP/VL‘
7m7c€§ sz’"/zg any S?fn'"j : 5}5(3 a‘ﬁm%g) a,t the éejcm‘,;g
gt pushes G ot the stack, and JHMps o Stete
o Then, i ste @ state §lamd SPS
-I‘ lhwing. wads @ ngéf?[, pops put Crrent
the 2 W\z 5”} 0 push e o0 Stet oM B
S;T:e S:'J;Cé} Furthemore, when M 15 m a ';‘z‘ﬂ-z‘fz
n T, P- can als junp b stte wf% s
acceptany This GCCGLANE will die o™ ff

4 mew nglao/ Jc  Seen |
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5. (10 points) BONUS QUESTION
A language is prefiz-closed if the prefix of any string in the language is also in the language.
Show that every infinite prefix-closed context free language contains an infinite regular subset.

Hint: Use the pumping lemma.

Syppee (s dnfinite, prefir—ched and lotert—free
[t # be the constant n e }pum/ﬁz/g lemma

Qne L © ufinite, ther Q(z'StS vel, Xzp.

B Y the fﬂmfwg [e,mm.a, there oprist St mgs U, W,
TR s [vwy[<p, [vY] >0
ad  wvwfzel V3 R
Now: 0 I§ V|70, then, s® L o5 prefix—closed

| e hae uv' € ¢, V t>0 C/ézr@}
| o5 f{ILi’Z‘@ and 7’65&: (a r;

2

{uvi[ iz} &L

o Ow. [VI=0. so |ylzo, Tk

2 . WL

ﬂviwyiz e {,(W"jiz e/ Since L 78
. Then

7)76@(2“2’~ 547-5(20[, U 141 3
P infz‘mi‘e aund 4@30‘/6?7”,

{uw?fi/ i70] <L



