MATH 202A — LECTURE NOTES FOR OCT 26, 2005

PROFESSOR DONALD SARASON

1. THE EXTENSION THEOREM

Definition 1.1 (o-finite). A measure on a ring R is o-finite if every set in R is a
countable union of sets of finite measure.

Definition 1.2. For F a family of sets,

e F, is the family of countable unions of sets in F.
e F;5 is the family of countable intersections of sets in F.

Theorem 1.3. Let R be a ring, u* its outer measure corresponding to p on the

hereditary o-ring H generated by R, M the o-ring of pu*-measurable sets. Then
(1) RCM, and p*|g = p.
(2) If u is o-finite, then M is the o-ring generated by R and the p*-null sets.

Proof. We present this proof in two parts.

(1) Let A € R. We want to show p*(A) = p(A). It is clear that p*(A) < u(A4),

so we show the other direction.

Suppose A1, As,--- € Rand A C |J;°A,. Let By = Ay, and B, =
A\ (A4 U---UA,_) forn>1,and A C |J7° B, a disjoint union. Thus

p(A) <> p(Ba) < p(An)
n=1 n=1

Hence pu(A) < p*(A).

Now we want to show that A € M. First take S € H. We want to show
w*(SNA)+p*(S\A) < p*(S). This is obvious if p*(S) = 00, so we assume

w*(S) < 0.
Fix e > 0. Take Ay, As,--- € Rsuch that S C [J¥ 4,, and > 7" u(4,) <
w*(S) +e.
PSNA) +p (S\A) < Y u(AnnA)+ > A\ A)
n=1 n=1
= ZN(An)
n=1
< p(S)+e
= p*(SNA)+ u*(S\ A) since ¢ is arbitrary
< pi(9)

Scribed by Chris Crutchfield Last updated October 26, 2005.



PROFESSOR DONALD SARASON

(2) Let E € M, u(F) < co. Let € > 0. Then we want to show there exists
G € R, and F € Rs such that F C EC G and u(G\ F) < e.
Let Ay, As,- - € R such that £ C |J{” A, and o°u(A,) < u(E) + /3.
Let G =" 4, = R,, E C G, and u(G) < p(E) + £/3. Thus,

u (U An) "2 @)

Take m such that p(J!" An) > p(G) — /3. Let A = J]" 4, € R and
WG\ E) = p(G) — u(E) < ¢/3. Take By, Bz, - € R such that G\ E C
U By and > 07 u(By) <e/3. Let F = A\ Uy B, =, (A\ B,) € Rs.
Then

FCa\ GBngG\(G\E):E.
n=1

But

(@

E\FgG\Fg(G\A)u(A\F)g(G\A)u(

)
1

2e

WENF) < M(G\A)+M<U Bn> <42

n

So then

3 3 3

n=1
2 ¢
MG\F) = pG\E)+u(E\F) < 5 +3=¢

Next we want to show that if E € M, then there exists G € (Ry)s,
F € (Rs), such that F C EC G and u(G\ F) =0.

Since pu is o-finite on R, it is o-finite on M. Thus F = U;’;l E;, with
E; € M, u(E;) < oo. By the above, for each n € N and each j, there
exists G, € Rgigma such that E; C Gj, and (G, \ Ej) < 277 /n. Let
G, = U;il Gnj € Ry, ECGp,and G, \ E C U?’;l(GM \ E;. Therefore

=277 1
p(Gn \ E) <ZT =
Jj=1
Let G =N"Gp € (Ry)s and u(G\ E) =0 (E C G).
For each j, each n € N, there exists by the above a set I}, € Rs such
that an - EJ‘ and ,u(Ej \ Ejn) < 1/n. Let Fj = U;.Lozl an S (R(;)g,

F; CEj,and u(E; \ F;) =0. Let F =J{° Fj € (Rs)o and F C E. Also,

o0

ENF=({UE |\|UF ]| cUwE\F)
j=1

Jj=1 Jj=1

Thus u(E\ F) = 0.



