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PROFESSOR DONALD SARASON

1. COMPACTNESS

Properties of Compactness

(1) A closed subset of a compact space is compact.

(2) If f is a continuous function, f preserves compactness of sets.

(3) Let X be a Hausdorff space, K C X a nonempty, compact set. If y € X\ K,
then there exists a disjoint open U,V C X such that K C U,y € V. In
addition, K is a closed set. (A consequence of this is that compact Ts
spaces are regular).

Proof. For x € K, take disjoint open U,,V, such that z € U,, y €
Uy. Then {U, |z € K } is an open cover of K. Take a finite subcover
{Us,,Usgyy-..,Up, yandlet U = U, U---UU,, andV =V, N---NV,, . O

(4) Let X be compact, Y as Hausdorff space. If f : X — Y is a continuous
bijection, then f is a homeomorphism.

Proof. Y is compact by (2). Let g = f~!. If F C X is closed, then F
is compact, therefore f(F') is compact, and hence closed. Thus F' C X is
closed, which implies g~!(F) is closed. Therefore g is continuous. ([

(5) Let X be Hausdorff, and A, B disjoint nonempty compact subsets of X.
Then there exist open U,V C X disjoint such that A C U, B C V. (A
consequence of this is that compact T3 spaces are normal).

Proof. By (3), for each y € B there exists disjoint open U, V,, such that
ACUy,yeV, Then {V, |y € B} is an open cover of B. Take a finite
subcover {Vy,,..., V. }. Let U =NU,,, V=UV,,. O

Definition 1.1 (Finite Intersection Property). A family F of sets has the finite
intersection property (FIP) if every finite subfamily has a nonempty intersection.

Theorem 1.2. For a topological space X, the following are equivalent.
(1) X is compact.
(2) Any family of closed subsets of X with FIP has a nonempty intersection.
(3) Ewery net in X has a cluster point.
(4) Every net in X has a convergent subnet.

Proof. (3) < (4) we already know.

To show (1) & (2), we first let F be a family of closed subsets of X. Then let
U={X\F|FeF} SoNperF =X \UpyeyuU. SoU covers X if and only if
Nper F = 0. The rest is up to you (only you can prevent forest fires).
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We want to show (2) = (3). We assume X is compact. Let &€ = (£4)aca be a
net in X. Also, let A, = {&g | = a }. Then we have this fact: (), .4 Aa is the
cluster set of €.

Now, to show (3) = (2). Assume (2) fails. Take a family F of closed subsets
with FIP and empty intersection. Direct F by inclusion. For each F € F choose
£r € F. Any cluster point of the net { = ({r)rer must be in (). F' (see above
fact). Therefore the cluster set of £ is empty. O

Definition 1.3 (Countably Compact). A set X is countably compact if every
countable open cover of X has a finite subcover.

Remark 1.4. If X is second countable and countably compact, then X is compact
(Lindel6f’s Theorem).

Theorem 1.5. For a topological space X, the following are equivalent:
(1) X is countably compact
(2) Every countable family of closed subsets with FIP has a nonempty intersec-
tion.

Definition 1.6 (Sequentially Compact). X is sequentially compact if every se-
quence in X has a convergent subsequence.



