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PROFESSOR DONALD SARASON

1. Nets

Recall that the net (ηβ)β∈B is a subnet of (ξα)α∈A if there exists τ : B → A
such that ηβ = ξτ(β) and for each α ∈ A there exists β0 ∈ B such that τ(β) ≻ α
whenever β ≻ β0.

Definition 1.1 (Isotone). A map τ : B → A is isotone if β1 ≻ β0 implies τ(β1) ≻
τ(β0).

Definition 1.2 (Confined). A subset A0 ⊆ A is confined in A is for each α ∈ A
there exists α0 ∈ A0 such that α0 ≻ α.

Remark 1.3. If τ : B → A is isotone and τ(B) is confined in A, and if (ξα)α∈A is
an A-net, then (ξτ(β))β∈B is a subnet.

Proposition 1.4. If ξ = (ξα)α∈A is a net in X, x ∈ X, then the following are

equivalent:

(1) x is a cluster point of ξ,
(2) ξ has a subnet converging to x.

Proof. The proof of (2) implies (1) is trivial. So we prove the other direction.
Assume x is a cluster point of ξ. Choose a neighborhood base U at x. Let

B = { (α,U) |α ∈ A, ξα ∈ U ∈ U }. We say (α1, U1) ≻ (α2, U2) if α1 ≻ α2 and
U1 ⊆ U2. This is clearly reflexive and transitive by construction.

Consider (α1, U1), (α2, U2) ∈ B. Take α0 ∈ A such that α0 ≻ α1 and α0 ≻ α2

by the property of directed sets. Take U ∈ U such that U ⊆ U1 ∩ U2. Since
ξ is frequently in U , there exists α ≻ α0 such that ξα ∈ U . Then (α,U) ∈ B,
(α,U) ≻ (α1, U1), (α,U) ≻ (α2, U2). Hence B is a directed set under ≻.

Define τ : B → A by τ(α,U) = α. Then τ is isotone and τ(B) is confined in A.
By Remark 1.3, η = (ξτ(β))β∈B is a subnet of ξ.

Take a neighborhood U ∈ U . Take α0 ∈ A such that ξα0
∈ U . Let β0 = (α0, U) ∈

B. Then ηβ ∈ U for all β ≻ β0. Thus η converges to x. �

Proposition 1.5. Let X,Y be topological spaces. Let f : X → Y , x ∈ X. Then f
is continuous at x if and only if it maps nets converging to x to nets converging to

f(x).

Proof. Suppose f is continuous at x. Let ξ = (ξα)α∈A be a net in X converging to
x. Let V ⊆ Y be a neighborhood of f(x). Then f−1(V ) is a neighborhood of x, so
ξ is eventually in f−1(V ), so f ◦ ξ = (f(ξα))α∈A is eventually in V . Hence f ◦ ξ
converges to f(x).
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Suppose f is not continuous at x. Take a neighborhood V of f(x) such that
f(U) \ V 6= ∅ for every neighborhood U of x. Let U be a neighborhood base for x,
directed by inclusion. For each U ∈ U , choose (using the Axiom of Choice) ξU ∈ U
such that f(ξU ) /∈ V . The net (ξU )U∈U converges to x but f ◦ ξ does not converge
to f(x). �

Remark 1.6. If X is first countable, the propositions hold with sequences in place
of nets.

2. Compactness

Definition 2.1 (Compactness). A subset C of a topological space X is compact if
every open cover of C has a finite subcover.

2.1. Consequences of Compactness.

Remark 2.2. Closed subsets of compact spaces are compact.

Proof. Let X be compact, C ⊆ X closed, U an open cover of C. Let U ′ = U ∪
{X \C}, an open cover of X (since C is closed). Since X is compact, it has a finite
subcover of {U1, . . . , Uk} ⊆ U ′. Then {U1, . . . , Uk} \ {X \ C} is a finite subfamily
of U covering C. �

Remark 2.3. If C ⊆ X is compact and f : X → Y is continuous, then f(C) is
compact.

Proof. Let V be an open cover of f(C). Then
{

f−1(V ) |V ∈ V
}

is an open cover

of C. Therefore it has a finite subcover {f−1(V1), . . . , f
−1(Vk)}. Then {V1, . . . , Vk}

covers f(C). �

Note that not all compact subsets of compact spaces are closed (the converse to
the first remark is not true). For T1 spaces, it’s not necessarily true.


