MATH 202A — LECTURE NOTES FOR SEPT 14, 2005

PROFESSOR DONALD SARASON

1. BAIRE’S THEOREMS

In Cp, consider the sequences e, forn =1,2,3,...:

1, k=n
CR
Let A ={ey,ea,...}. Note that ||e,; — enlloo = 1 if m # n, and that A is closed
(no limit points).
Let x € Cy be given by x(k) = —1/k. Then ||z —e,|| =14+ 1/n — 1 as n — oc.
Therefore the distance between z and A is 1.

Theorem 1.1 (Baire Category Theorem). Let (X, p) be a complete metric space,
and Uy,U,, ... are dense open subsets of X. Then ﬂzozl U, is dense in X.

Proof. Let V C X be open and nonempty. We must show that V N (NU,) # 0.
Since V N U; # 0, there exists an open ball B; with diameter less than 1/2, such
that B; C VN U;. Since VN U, # (), there exists an open ball By with diameter
less than 1/4, such that By C By NU,. We continue in this way to construct a
sequence of open balls By, By, Bs, ..., where the diameter of B, is less than 27™.
In addition, B,y1 € B, € B, CVnU;N---NU,. Let x, be the center of B,,.
We then get a sequence (z,,)$°. Therefore p(@,, z,) < max(27™,27™), so (z,)5°
is Cauchy. Since X is complete, this sequence converges. Let = be its limit. Then

x € ﬁBTLerW(ﬁUn)
n=1 n=1

O

Definition 1.2 (Nowhere Dense). A set A in a topological space X is nowhere

dense if int(A) = 0.
Example 1.3. The Cantor set is nowhere dense in R. Q is nowhere dense in R.
Example 1.4. The boundary of a closed set is nowhere dense.

Definition 1.5 (Meager Set). A meager set is a countable union of nowhere dense
sets.

Ezample 1.6. Q is meager in R (singletons are nowhere dense).
Definition 1.7. A residual® is the complement of a meager set.

Theorem 1.8 (Baire’s Theorem). In a complete metric space, a residual set is
dense.
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Definition 1.9 (Baire Space). A topological space in which every residual set is
dense is a Baire space.

Remark 1.10 (Baire’s Terminology). A meager set is a set of first category. A
non-meager set is a set of second category. Baire-ness is a topological invariant.

2. APPLICATION IN C[0,1]

For f € C[0,1], [a,b] C [0,1], and a partition p = (to,t1,...,t) of [a,b] (where
a=1ty <ty <---<tp="b). We define

k
Uf,p) = Z Vit = tio1)? + (F(t:) = f(ti1))?
i—1

U(f;a,b) = sup 0 f,p)

finite partitions of [a,b]
If £(f;0,1) < oo, then the graph f is rectifiable. If £(f;a,b) = oo for all [a, ] C [0, 1],
then the graph f is nowhere rectifiable.
Lemma 2.1. Let [a,b] C [0,1], M > 0. Then U ={ f € C[0,1] | (f;a,b) > M }
is an open, dense subset of C[0.1].
Proof. First we show that U is open. Let f € U and let 6 = ¢(f;a,b) — M > 0.
Pick a partition P = (to,t1,...,tk) of [a,b] such that ¢(f, P) > M + §/2. Pick
g € Cla,b] such that || f — g|lcc < /4k.
[f(t5) = F{ti—0)] <lg(t;) — g(tj-1)| +6/2k

And a few easy estimates gives ¢(g;a,b) > M.

Now we show that U is dense. Select any f € Cla,b], f # u. Let ¢ > 0 and pick
g € C|0,1] such that ||g]|eo < &, but £(g;a,b) > 2M. Then

((f +g;a,b) = U(g; a,b) — £(f;a,0) > 2M — M = M

Sof+geUand|f—(f+9)o<e O
Theorem 2.2. The set of f € C[0,1] such that the graph f is nowhere rectifiable
is residual.
Proof. Let U(m,n) = { f € C[a,b] ‘E (f; ==L, 2) > n }, wheren,mrunover1,2,....

By Lemma 2.1,

ﬂ ﬂ U(m,n),

n=1m=1
which is exactly the set of f such that the graph of f is nowhere rectifiable, is
residual. 0




