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PROFESSOR DONALD SARASON

1. COMPLETE METRIC SPACES (CONT’D)

Ezample 1.1. R"™,Cy,C[0,1], L, L% are complete metric spaces.

C[0,1] are the set of continuous real-valued functions on [0, 1].

Normed vector spaces under the norm ||f|l = sup{|f(z)] |0<z <1} are
complete.

L' consists of real sequences x = (z,,)$° such that ||z|| = > 17 |z,| < cc.

L°° conists of bounded real sequences such that |||l = sup{|z,| |n € N }.

2. COMPLETION

Let (X, p) be a metric space.

Definition 2.1. The sequences (z,,)$° and (y,,)$° are equivalent if limy, o0 p(Zn, Yn) =
0.

Remark 2.2. Firstly, this is an equivalence relation. Secondly, if x is Cauchy and y
is equivalent to z, then y is Cauchy. Third, a cauchy sequence is equivalent to any
of its subsequences.

Lemma 2.3. If £ = (2,)5° and n = (yn)3° are Cauchy, then lim,_ o p(Tn,yn)
exists and depends only on the equivalence classes of & and .

Proof. We show (p(zn,yn))° is Cauchy.
p(xmaym) < p(xm,zn)+p(xnayn)+p(ynaym)
(s Ym) = P(TnsYn) < P(Tm, Tn) + P(Yns Ym) — 0
lim sup(p(Zom, Ym) — P(Tn, Yn)) 0

m,n—0o0

Therefore (p(xn,yn)):° is Cauchy, hence convergent.

Now suppose & = (x],)5° is equivalent to &, then

P Yn) < p(Th, Tn) + p(Tn,Yn)
Therefore p(x!,, yn) < p(Tn,yn) — 0, hence they are equal. O

Definition 2.4. For ¢ a Cauchy sequence, [£] denotes its equivalence class. Let X
be the set of all equivalence classes of Cauchy sequences.

For £ = (2,,)7° and 1 = (y,,)7° Cauchy sequences, let p([¢], [1]) = limp—.co p(Tn, Yn)-
It is easy to show that p is a metric on X.

For x € X, we let [z] be the equivalence class of the sequence (z,x,x,...), and
we let X — Xo = {[z] |z € X } C X, where z — [2]. We note that p([z],[y]) =
p(x,y), so this preserves distance. Thus the embedding X — )?0 is isometric
(distance preserving).
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Remark 2.5. )?0 is dense in X.
Proof. If £ = (z,,)7° is a Cauchy sequence in X, then p([¢], [z,]) — 0. O
Theorem 2.6. X is complete.

Proof. Let (§)52, be a Cauchy sequence in X. To prove it converges, it is suffices
to prove that it hab a convergent subsequence.

We can assume without loss of generality that p([¢k], [&]) < 1/k for I < k.
We can also assume without loss of generality that, for each k, the representative
&k = (z1, )02, of [&k] satisfies p(zy,, , zk, ) < 1/k for all m,n.

Thus for [ > k£ and for all m,n,p,

(k.. 71,) P(Zkps Th,) + p(Thy s 21, )5 p(21,,0,,)

2
zt p(xr,, )

IN

IN

Let p — oo to get

> w

P(Thp Thy) < E‘FP([{/J (&) <

Let £ = (zp,)7° be a Cauchy sequence by the above. Also, p([],[¢k]) =
lim p(x,,, 2k, ) < 3/k. Thus [§] — [£] in X. O

Theorem 2.7. Suppose that (Y,0) is a complete metric space and suppose that
f: X =Y is anisometry and with f(X) dense in Y. Then there exists a surjective,
unique isometry g :' Y — X such that g(f(x)) = [z] for all z € X.

Proof. Define g by g(f(x)) = [z] (this is clearly isometric. For y € Y, take a
sequence (y,) in f(X) such that y,, converges to y. Then (g(y,))$° is Cauchy, and
hence convergent, and its limit depends only on Y. Define g(y) to be the limit.
Since it is an isometry, and since Y is complete, so is g(Y'). Therefore g(Y') is closed
in X. Since g(Y) 2 Xo, which is dense in X, it must be that g(¥) = X. O



