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PROFESSOR DONALD SARASON

1. MORE TOPOLOGY

Let X be a topological space.

Definition 1.1 (Relative Topology). If Y C X, Y # (), the relative topology on Y’
has as its open sets the sets U NY, where U is an subset of X.

Definition 1.2 (Limit Point). For A C X, we say ¢ € X is a limit point (or
accumulation point) of A if for every open U such that x € U, U N (A \ {z}) # 0.
A’ is the set of limit points of A.

Ezample 1.3. Let X = R, A = N, and A’ = (. Another example is A =
{1/n |n €N}, where A’ = {0}.

Definition 1.4 (Closure). The closure A of A4, is AU A’.

Proposition 1.5. A is closed.

Proof. Let x € X\ A. Then x ¢ A’. So ther exists an open set U containing = such
that UN(A\{z}) =0. But z ¢ A, so U C X \ A, since x ¢ A. Since U is open,
UNA =0,s0 UNA=(. So take the union of all such U. Thus X \ 4 is open. [
Proposition 1.6. If F is closed, and A C F, then AC F

Proof. Since X \ F is open and disjoint from A, it is disjoint from A’, hence disjoint
from A. O
Proposition 1.7. A is closed if and only if it contains all its limit points.
Definition 1.8 (Density). A is dense in X if A = X.

FEzxzample 1.9. Q is dense in R.

Definition 1.10. For A C X, we say z is a boundary point of A if for all U such
that t e U, UNA#DPand UN (X \ A) #0. We call 9A the set of all boundary
points of A.

Properties
(1) 0A=9(X \ A).
(2) A= AUOJA.

(3) Ais closed if and only if 04 C A.
(4) A is open if and only if 0AN A = 0.

Definition 1.11 (Int). int A = A\ 0A. This is A® in Folland

Properties
(1) int A=X\X\A
(2) int A is open.
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2. COUNTABILITY AXIOMS
2.1. Axiom 0. X is separable if it has a countable dense subset.

2.2. Axiom 1. X satisfies the first axiom of countability if each point of X has a
countable neighborhood base.

Ezample 2.1. A metric space (X, p) is first countable. For x € X, the balls By /, ()
for n € N form a neighborhood base at x.

2.3. Axiom 2. X satisfies the second axiom of countability if it has a countable
base of open sets.

Ezample 2.2. If (X, p) is a separable metric space then it is second countable.

Proof.

B = {Bi(a) |a€A,n€N}
is a countable set. Let U C X be open, and z € U. We want B /,(a) such that
x € Byp(a) € U. Pick € > 0 such that B.(x) C U. Pick n such that 1/n < ¢/2.
Pick a € A such that p(z,a) <1/n. Then z € By,(a). Let y € By/y(a). Then

e €
p(y,x) < p(yva‘) +p(a,x) < 5 + 5 =€

So Byn(a) CU. ]

Theorem 2.3 (Lindel6t’s Theorem). Let X be second countable, and U a family
of open subsets. Then there is a countable subfamily Uy C U with the same union.

Uv= U

Ueu Uely

Proof. Let B be a countable base, and let By consist of all V' € B such that V C U
for some U € U. Then By is countable and Uy 5, V = Upey U (because every set
is a union of basic open sets.

For V' € By, pick Uy € U such that V C Uy. Let Uy = {Uy |V €By } is a
countable set. In addition,

UvaoUyv = Uvu

Uely VeBo veu

Uv = Uvu
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